Abstract: Owing to the direct coupling between the input and output of matrix converter, the abnormal power supply could disturb the output voltage easily. In this study, three modulation strategies for matrix converter based on mathematical construction are proposed under unbalanced input voltage conditions. The strategies are developed based on the construction of the rectifier and inverter modulation vectors in three different ways. By regulating appropriately the modulation index of inverter vector, the output voltages of matrix converter can maintain sinusoidal and balanced. The different rectifier vectors result in different input currents. Moreover, the analytical solutions for input currents with the three methods are presented, and the approximated solutions are derived to estimate their low-order spectrums. Comprehensive comparisons among the three methods are made in the aspects of the complexity of realisation, voltage-transfer capability and input current quality. Simulation and experimental results verify the correctness and effectiveness of the proposed methods.
Introduction
Matrix converter featured by the advantages such as sinusoidal input and output currents, bidirectional energy flow, controllable input power factor as well as a compact design, has received increasing attention in recent years [1] [2] [3] [4] . Therefore it has found many applications in adjustable-speed drives, power supply, wind power generation and power electronics interface for distributed generation systems [5] [6] [7] [8] .
Since the matrix converter topology was first proposed in 1976, a lot of modulation methods have been presented, including space vector modulation (SVM) [9, 10] , optimum-amplitude method [11] , double input voltage synthesis [12] and some other ones [13, 14] . Among them, SVM is the most widely used method for its excellent characteristics, such as clear comprehension of the modulation process and relatively simple algorithm. This method can be classified into two categories: direct SVM [9] and indirect SVM [10] . The optimum-amplitude method has been presented in [11] by Venturini and Alesina, which was based on transfer function analysis. In [12] , the double input voltage synthesis is mainly characterised by its intrinsic capability to prevent the output side from the unfavourable effects caused by the unbalanced input voltages.
In general, most modulation methods were investigated under the assumption of the ideal input voltages and balanced loads. However, the matrix converter may encounter abnormal power supplies inevitably in practice, such as the unbalanced and/or non-sinusoidal voltages. Owing to the lack of DC-link circuit for energy storage, the matrix converter output will be directly disturbed by the abnormal input voltages. In particular, when matrix converter operates under the unbalanced input voltage condition, the output voltages may contain undesirable low-order harmonics [15] . Meanwhile, the influence of the unbalanced input voltage on the input current quality is also significant [16, 17] .
Due to the fact that unbalanced voltage source could result in annoying input/output harmonic currents, some research papers have been published to reduce the undesirable effects [15] [16] [17] [18] [19] [20] [21] [22] [23] . In [15] , a feed-forward compensation technique has been presented, which can obtain the balanced output currents in the unbalanced case by modifying the voltage modulation index. Moreover, two input current modulation strategies for matrix converter were proposed in [16] , where their input and output performance were also analysed under the unbalanced input and output conditions. In addition, the two input current modulation strategies were further evaluated through experiments in [17] . A modified double input voltage synthesis was proposed in [18] to eliminate the input current distortion under the unbalanced input voltage. In [19] , a compensation technique based on fuzzy logic controller for matrix converter was proposed to eliminate the undesirable effects caused by the distorted input voltages. In [20] , several control schemes of space-vector modulated indirect matrix converter were compared under the distorted supply voltage, such as the open-loop and closed-loop compensation.
In theory, many modulation methods could eliminate the output current harmonics for matrix converter. However, from the viewpoint of the practicality, this paper proposes three strategies to eliminate the output current harmonics in the unbalanced case, by constructing the rectifier and inverter modulation vectors in three different ways. These strategies are developed based on the algorithm presented in [13] , which is suitable only for the balanced input voltages. As the unbalanced input voltages can be decomposed into the positive and negative sequence components, the three strategies are mainly distinguished by constructing the rectifier modulation vectors as follows: † Keep the phase angle of the rectifier modulation vector in line with a specific combination of the positive and negative sequence voltage vectors. † Keep the phase angle in line with the input voltage vector. † Keep the phase angle in line with the positive sequence voltage vector.
The different rectifier modulation vectors can result in different input currents, realisation complexity and other characteristics.
Basic modulation method
The topology of three-phase to three-phase matrix converter is shown in Fig. 1 , where nine bidirectional switches connect the power supply to the loads in the form of matrix. As seen, u a , u b and u c are the input voltages, i A , i B and i C are the output line currents represented by the current sources. Based on this topology, any desired sinusoidal output voltages in a certain range can be synthesised according to certain modulation rules.
In this section, a modulation method based on mathematical construction will be introduced.
Assume the three-phase input phase-to-neutral voltages and input line currents are symmetric and sinusoidal, which can be expressed as
where U im and ω i are the amplitude and angular frequency of the input voltages, respectively. I im is the amplitude of the input currents, and j i is the desired input power factor angle. In addition, the desired output phase-to-neutral voltages are given by
where U om and ω o are the amplitude and angular frequency of the output voltage effective part, respectively, j o is the initial phase angle and u com is the common mode voltage, which does not contribute to the load currents. For the symmetric and linear inductive loads, the output line currents can be written as
where I om is the amplitude of the output currents, and j L is the load displacement angle.
Assume the semiconductor switches are ideal, each switch s ij (i = A, B, C; j = a, b, c) has two possible states: 
with the constraint s ia + s ib + s ic = 1, (i = A, B, C). According to Fig. 1 , the relation between the input and output of matrix converter at any instant, can be expressed
where T denotes the transpose. As the switching frequency is much higher than the input and output frequencies, the local-averaged value of s ij within every switching period can be defined as m ij (i, j = 1, 2, 3). Therefore a 3 × 3 modulation matrix M is defined as 
Equations (6) and (7) are still held in the local-averaged manner, by replacing S with M. In (8), m ij has to meet the 
Usually, it is not easy to obtain the modulation matrix M directly. Therefore a simple method based on mathematical construction is used. As well known, the modulation for matrix converter can be divided into two processes in conception: the virtual rectifier and virtual inverter ones, which can be expressed as follows
where u dc is the virtual DC-link voltage, and the rectifier and inverter modulation vectors are given by (13) and (14), respectively
In (14), m denotes the modulation index. Based on (11) and (12), the modulation matrix can be represented as
In that way, if properly choosing m, the desired output voltages and input currents can be synthesised successfully. However, such M does not meet (9) and (10) . For this reason, it cannot be utilised directly.
To obtain a practical modulation matrix, a modified modulation matrix M′ is presented as
Note that such a modification only changes u com , but the output line-to-line voltages remain the same. To make M′ meet (9) and (10), the elements x 1 , x 2 and x 3 should be chosen from
By taking appropriate values of x 1 , x 2 and x 3 , M′ will be a feasible modulation matrix for realisation. Now, the key problem is whether there exists such a set of offset values, and how to choose them. After analysing the modulation matrix M, it can be found that at any instant, two of the minimum values in each column of M always appear in the same row and the third one belongs to the other row. Therefore let x 1 , x 2 and x 3 take their minimum values in ( 
After some manipulations, we could obtain
where ρ = cos(ω o t − j o + π/6)cos(ω i t − j i + 2π/3). According to (19) , it can be found that if m ≤ 3 √ /3, then x 1 + x 2 + x 3 ≤ 1. In that way, if x 1 + x 2 + x 3 < 1, the additional offset 1 − (x 1 + x 2 + x 3 ) needs to be distributed to x 1 , x 2 and x 3 in some way to meet the constraint (17) . Therefore the feasible offset values exist if m ≤ 3 √ /3, which corresponds to the voltage transfer ratio limit q ≤ q max = 3 √ /2 exactly. According to (16) and (17), x 1 , x 2 and x 3 are grouped as a set, and different combinations of x 1 , x 2 and x 3 correspond to different modulation methods with different performance. Generally, to reduce the switching times, it is desirable that there are as many as entries with the value of 0 or 1 in M′. If the case shown in Fig. 2 occurs, x 1 and x 2 will take the opposite value of the minimum column ones in the same row, and they are selected to make the two entries null. Moreover, let x 3 undertake the additional offset 1 − (x 1 + x 2 + x 3 ), which means that x 3 can just take the value of 1 − x 1 − x 2 . As can be seen from Fig. 2 , there are two zeros in the first row of M′, which corresponds to the two minimum column values in the first row of M. Therefore based on M′, at least three bidirectional switches in matrix converter need not to be switched during one modulation period. More precisely, the switching commutation sequence corresponding to Fig. 2 during one modulation period is represented in Fig. 3 , where S Ac is always on, and S Aa , S Ab are off during the whole period. For similarity, the general doubled-sided switching pattern is adopted as shown in Fig. 3 , which is implemented in the experiments and simulations in the later sections.
Modulation methods under unbalanced input voltage conditions
The modulation method derived in the previous section for matrix converter is suitable for the ideal supply condition. However, when the unbalanced input voltages occur, the output behaviour of matrix converter will degrade, if the modulation matrix is still the same as that in the balanced case. Consequently, the output voltages may contain fundamental negative sequence component and other low-order harmonics. In addition, the input currents may also suffer severe harmonic pollution. In this section, three different modulation methods are proposed to eliminate the unfavourable output effects. Besides, the input currents with the three methods are determined analytically, and the approximated solutions of low-order harmonics are derived correspondingly.
For the convenience of analysis, the space vector representation is utilised in the three-phase systems
For the space vector x and y, if x a + x b + x c = 0, the following formulation can be established
where the operator '.' denotes the dot product. Assume the unbalanced input voltages are expressed as
where p and n denote the positive and negative sequence, respectively, and j n is the initial phase angle of the negative sequence voltages. For simplicity, the input voltages can be represented as
In (23), u ip and u in are the positive and negative sequence time phasors of the input voltages, respectively, and u ip = U ip , u in = U in e −jw n .
Method I
According to (11) and (12), the relation between the input and output voltages can be expressed in space-vector representation as According to (24) , if M rec · u i is a constant, the desired output voltages will be easily obtained. Here, let M rec be constructed as
then by dot product operation with u i , one could obtain
where
cos kM n rec , u in l , which is a constant, and the operator 〈x, y〉 denotes the angle between the space vectors x and y. Therefore in order to get a constant M rec · u i , the sum of the last two items in (27) must be zero, in other words, the condition (28) and (29) need to be satisfied
) . Besides, as a feasible modulation algorithm, M rec has to meet |M rec | ≤ 1. It is equivalent to require k to satisfy the following inequality
In this case, k takes the value of u ip u in / u ip + u in to make full use of the input voltages, thus, we have
which can be shown in Fig. 4a used in space-vector representation method. According to (24) , the virtual DC-link voltage is solved as
Then, to obtain the desired output voltages, m should be chosen as
According to (6) , the relation between the input and output currents can also be expressed in space vector representation as
where i i and i o are the space vectors of i i and i o , respectively. Owing to the symmetric and linear inductive load, the output current space vector is i o = I om e j v o t−w o −w L ( ) . From (34), the input current space vector can be written as
where P o = (3/2)U om I om cos(j L ) is the output power of matrix converter. If the output voltages and currents can maintain sinusoidal and balanced, P o will be a constant.
Method II
In fact, to obtain the desired output voltages, it is not necessary to make u dc to be a constant as in method I. Because m can be used to compensate the effect caused by a time-variant u dc . In method II, M rec is assumed to be
This can be illustrated in space-vector representation method shown in Fig. 4b . Substituting (36) in (24), u dc can be obtained as
Then, m should be given by
where |u i | varies with time in the unbalanced cases, which also results in a variable m. According to (6), the input current space vector can be expressed as
If considering unity input power factor, it can lead to
u ip e jv i t + u in e
where m = 2 u ip u in / u ip 2 + u in 2 , and if |u in | is less than |u ip |, which is usually valid in power system, we have μ < 1. The complex Fourier series transformation of i i can be computed to obtain its harmonic contents. However, it involves much multifarious data manipulation, and in practice, only the significant harmonic contents are of interest. Therefore i i can be written approximately as
and
Method III
In method III, M rec is constructed as (42), only involving the fundamental positive sequence component of input voltage, which is shown in Fig. 4c using the space-vector representation method Moreover, according to (6) , the input current space vector can be expressed as
For simplicity, considering unity input power factor, it can lead to
where γ = |u in |/|u ip | denotes the unbalanced degree of the input voltages, generally, γ ≪ 1. Then, as in method II, (46) can be approximated as
Be
Comparisons

Maximum output voltage:
In method I, as the modulation index should meet m ≤ 3 √ /3, according to (33), the maximum amplitude of the output voltage that can be obtained is 3 √ /2 |u ip | − |u in | cos w i . In method II, based on (38), the maximum output voltage can be written as 3 √ /2 |u i | cos w i . Since |u i | varies with time, whose minimum value is |u ip | − |u in |, the maximum output voltage is the same as that in method I. According to (44), matrix converter with method III can produce the output voltage within the range U om ≤ 3 √ /2 u ip cos w i − u in , whose maximum value is less than or equal to the former two methods.
Complexity of realisation:
To realise the modulation method, both M rec (ω i ) and M inv (ω o ) should be determined. Clearly, they can be solved by the inverse transformation of (20) based on M rec and M inv derived in the previous sections. In methods I and III, a phase-locked loop (PLL) and a notch filter are employed to decompose the unbalanced input voltages in practice. In method I, both u ip and u in should be extracted; whereas in method III, only u ip needs to be known. Therefore it is easier to realise method III than method I. As for method II, if unity input power factor is considered, M rec (ω i ) can be obtained directly without much calculation as
where the input voltages should meet the condition u a + u b + u c = 0. Otherwise, if the input voltages contain zero sequence components, they should be removed to meet the modulation condition. It is certain that method II has the lowest complexity in realisation.
Quality of input current:
As can be seen from (35), the input currents in method I contain only the fundamental negative sequence components in theory, except for the fundamental positive sequence ones.
To analyse the input current spectrum in methods II and III, their approximated solutions are given by (41) and (47), respectively. If the cosine functions contained in A and B of (41) and (47), are represented in exponential form according to Euler's formula, the positive and negative sequence component of low-order harmonics could be calculated easily.
Base on the analysis mentioned above, it could be found that there are not any even order harmonics in the input currents of methods II and III. Moreover, in method II, some positive sequence odd order harmonics exist in the input currents, whereas the negative sequence ones are so small that they can be negligible. As for method III, both positive sequence and negative sequence harmonics exist in the input currents. Despite of this, the input current quality in method III is better than that in method II, but worse than that in method I.
Simulation results
Numerical simulations have been carried out by using MATLAB&Simulink software to verify the correctness of the related theoretical analysis mentioned above. The control block diagram for matrix converter is illustrated in Fig. 5 , where the PLL and notch filter are used to extract the fundamental positive and negative sequence components of the input voltages. The MUX switch is used to select the modulation methods. The parameters of the LC input filter and loads are listed in Table 1 . The damping resistors R d are connected in parallel with the filtering inductors L f . To guarantee the stability of the matrix converter system, the stabilisation method in [24] is applied here.
First, the unbalanced input voltages are expressed as
where the root mean square (RMS) value and frequency of c-phase voltage is 220 V/50 Hz, the other two phases are 144 V/50 Hz. It means that the amplitude of two of the three-phase input voltages decrease, but the phase angle differences between phases remain the same. In this case, the unbalanced degree of the input voltages is 14%. The amplitude and frequency of the output voltage reference are set at 100 V and 30 Hz.
To eliminate the undesired effects, three modulation methods proposed in the previous sections are simulated to test their effectiveness. Fig. 6 shows the output line-to-line voltage u AB and three-phase line currents with the three modulation methods, under the unbalanced input voltage conditions. As seen, all the output currents are sinusoidal and balanced, and the output line-to-line voltage profiles are almost the same with some small differences on the waveform spikes, because of different duty ratio calculations. Through fast Fourier transformation (FFT) spectrum analysis, the corresponding Total Harmonic Distortion (THD) rates of A-phase output current in these methods are 0.77, 0.74 and 0.76%, respectively. Therefore all these strategies have the ability to generate desirable output currents, if the maximum attainable output voltage is not exceeded.
The waveforms of the input currents are illustrated in Fig. 7a , and the corresponding spectral graphics of A-phase input currents are shown in Fig. 7b . The results show that input current waveforms distort in different ways, when using different modulation methods. For method I, the waveforms are almost sinusoidal with THD of 2.52% (low-order harmonics can be negligible), but the amplitude differences between phases are the highest of these methods, because of relatively large negative sequence component. In contrast, the input currents in method II distort seriously with THD of 15.47%, especially the third-order harmonic component is large, which means its power quality is the worst. With regard to method III, its input current THD is 7.94%, which are better than those of method II and worse than those of method I.
To further test the performance of the three methods under more severe unbalanced input situations, the input voltages are arranged as shown in Fig. 8 : they are balanced at first, then at t = 0.03 s, suddenly jump 30°ahead, with a 50% negative sequence component superimposed. The RMS value and frequency of the output voltage reference are set at 50 V and 60 Hz. Fig. 9 shows the corresponding input and output current waveforms in the three methods. As seen, the output currents can almost maintain sinusoidal and balanced except a little disturbance at t = 0.03 s. The input currents suffer fluctuations at that instant, and then reflect different distortion forms on their waveforms in the different methods.
Experiment
To validate the proposed methods, a low-power three-phase matrix converter prototype has been built in the laboratory. The controller board is mainly composed of a floating-point digital signal processor (TMS320F28335) and a field programmable gate array (EP2C8T144C8N) where the four-step commutation strategy based on voltage information [25] is implemented. In the modulations, the double-sided switching pattern is used to improve the power quality. The parameters of the input filter and loads are the same as those in the simulations above. The output voltage amplitude and frequency are set to 25 V/30 Hz. The switching frequency is 10 kHz.
The experiments are carried out in the following two cases: Case I, the input voltages are balanced, which are 64 V (RMS)\50 Hz; Case II, the input voltages are unbalanced as shown in Fig. 10 and the RMS values are u a = u b = 43.6 V, and u c = 65.6 V, with phase difference of 120°.
In the Case I, Fig. 11 shows the waveforms of output lineline voltage and output line currents, and the corresponding input current waveforms are illustrated in Fig. 12 . When the input voltages become unbalanced as in Case II, the output line-line voltage and output currents with method I are shown in Fig. 13 . Comparing the output current waveforms shown in Figs. 11 and 13, there are no obvious differences between them. In addition, the output currents shown in Fig. 13 are almost the same as those with other two methods. Therefore it is safe to conclude that, all the three methods have the ability to maintain the sinusoidal and For comparisons, the three methods are tested under the same condition. Figs. 14a-c show the measured input current waveforms with methods I, II and III, respectively. From Fig. 14 , we could only find some slight differences in the input current waveforms among these methods. To gain more information from the experimental results, the spectral analysis of the input currents have to be carried out. The measured input current data in the experiments are processed using FFT offline algorithm. Fig. 15a shows the spectral analysis results of the input currents i a , i b and i c with method I. Fig. 15b shows the spectral analysis results of i a , i b and i c with method II. The corresponding results with method III are shown in Fig. 15c . As indicated by the spectrum graphics, the results agree with the theoretical analysis and simulation results in the previous sections. In method I, the input current THD is the smallest of the three methods. In method II, the third-order harmonic component is especially large, and the input current quality is the worst. Method III is the compromise between methods I and II, in terms of the third-order harmonic and THD. It could be noted that the input current THD rates in three methods are relative large, because of the device voltage drop, commutation dead time and other non-linear factors. Even so, the previous experiments could still verify the proposed methods. 
Conclusions
Three modulation strategies based on mathematical construction for matrix converter have been investigated under unbalanced input voltage conditions. By using these methods, the average output voltages and currents can maintain sinusoidal and balanced. The input current performance are analysed and compared in terms of power quality and unbalance, when the three methods are applied to the matrix converter.
In these methods, method I requires positive and negative sequence decomposition for realisation, but can reduce the input current harmonics. Method II can be realised more easily, as long as the input voltage vector is determined; however, the current quality is the worst. Method III is the compromise between the former methods, which will be the best choice for matrix converter if considering the comprehensive performance. Although only the unbalanced input voltage condition is analysed in most part of the paper, in fact, the proposed method can cope with other abnormal input voltage conditions. The related experiments research will be further studied. 
